RESOLVENT SMOOTHNESS AND LOCAL DECAY AT LOW ENERGIES 
FOR THE STANDARD MODEL OF NON-RELATIVISTIC QED 



JEAN-FRANgOIS BONY AND JEREMY FAUPIN 

Abstract. We consider an atom interacting with the quantized electromagnetic field in the 
standard model of non-relativistic QED. The nucleus is supposed to be fixed. We prove 
smoothness of the resolvent and local decay of the photon dynamics for quantum states in a 
spectral interval / just above the ground state energy. Our results are uniform with respect 
to I. Their proofs are based on abstract Mourre's theory, a Mourre inequality established in 
[FGSl) . Hardy-type estimates in Fock space, and a low-energy dyadic decomposition. 
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1. Introduction and main results 

We study the dynamics of a non-relativistic atom interacting with the quantized electro- 
magnetic field in the so-called standard model of non-relativistic QED. If simplified to the 
extreme, the physical picture describing the evolution of states according to the dynamics 
associated with this model can be summed up as follows: As time goes to infinity, any ini- 
tial state will eventually relax to the ground state by emitting photons that escape to spatial 
infinity. In the last years, a lot of works have been devoted to rigorous mathematical justifica- 
tions of some aspects of this physical picture. In particular, among many others, we mention 
the following references on the proof of existence of a ground state ( [BFSll IGLH IBFPj ). 
the study of resonances and hfetime of metastable states f [BFSll IBFS21 lAFFSj l. spectral 
analysis ([Ski IGGMl IFGS1| ) and partial results on scattering theory ([SpJ |DGl IFGScl iGe] ). 
Completely justifying the above picture in a mathematically rigorous way would require, of 
course, to develop a full scattering theory for the model, in particular to prove asymptotic 
completeness of the wave operators, which remains an important open problem for systems 
of non-relativistic particles interacting with massless bosons. 

In this paper, we study spectral and dynamical properties of the standard model of non- 
relativistic QED in the low-energy region, more precisely, in a spectral interval located just 
above the ground state energy and strictly below the first excited eigenvalue of the electronic 
Hamiltonian. In some sense, our main results will justify that the propagation velocity of 
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low-energy photons is momentum independent, which, of com'se, reflects the constant speed 
of light. On the technical level, as is often the case, the infrared singularity intrinsic to 
the interaction between the atom and photons involves substantial difficulties related to the 
infrared problem. 

Generally speaking the issue we address concerns the study of a self-adjoint operator near 
a threshold. The asymptotic behavior of the resolvent (and of associated quantities) near 
thresholds has been the subject of many studies in various fields of mathematical physics. 
The employed methods are varied, too. As in the work of Jensen and Kato |JKj . perturbation 
theory can be used to consider —A + V{x). Resonance theory is very effective to treat 
dilatation analytic operators (see e.g. jBFSlj ) and compactly (or exponentially decaying) 
perturbation (see e.g. Vamberg | Vaj ) . One can also use Mourre's theory to prove limiting 
absorption principles at low energies. This approach was adopted, for example, by Richard 
|Rij who gives an abstract formalism, Bouclet |BoH IBo2j and Hafner and the first author 
|BHH lBH2j for long range metric perturbations of — A, Boussaid and Golenia |BGj for Dirac 
systems, Soffer [So] for (-A)V2 + v{x), . . . 

Our paper rests on abstract results established in the framework of Mourre's theory (jJMPl 
IHSSj ). in conjunction with a Mourre inequality obtained recently by Frohlich, Griesemer and 
Sigal in [FGSlj . Since the work of Jensen, Mourre and Perry, |JMPj . it is a well-known 
fact that a Mourre inequality combined with multiple commutator estimates and regularity 
properties yield smoothness of the resolvent. More precisely, given a self-adjoint operator, 
P, another self-adjoint operator. A, conjugate to P in the sense of Mourre, and a compact 
interval J where the Mourre inequality holds, the following is satisfied: 



sup 

RezGJ, Im^^O 



An 

_(A)-"-2-=(P-^)-l(^)-"-5- 



<oo, (1.1) 



for any e > 0, where (A) := (1 + ^4^)^/^, provided that the iterated commutators ad^(P) 
(defined, as usual, by ad^(P) := P and ad^^^(P) := [ad^(P),74]) are suitably bounded for 
1 < k < n + 2; (see Theorem 12.11 of the present paper for a precise statement). From (II. ip 
follows the existence (and smoothness) of the boundary values of the resolvent (^)~^/^~^(P — 
A zb iO)~^(^)~^/^~^, and the absolute continuity of the spectrum of P in J. 

In [HSSj . under similar assumptions, Hunziker, Sigal and Soffer establish the local decay 
property: 

||(A)-^e-"^x(^')(^)~i < (^)~^ (1.2) 

for any s > and x £ C§°(J), provided that the commutators ad^(P) are bounded for 
< A; < n, where n > s + 1 (see Theorem 12.21 below). It should be noted that, via Fourier 
transform, resolvent smoothness (jl.ip implies local decay (II. 2p with, however, the weaker rate 
of decay {t)-''+^/^+^ . Likewise, ([O]) implies (JTI]) with the "bigger" weights (^)~""^~^. 

For the standard model of non-relativistic QED describing an atom with static nucleus and 
interacting with the quantized electromagnetic field, a Mourre estimate at low-energies has 
been proven in [FGSlj . The conjugate operator in [FGS1| is the generator of dilatations in 
Fock space, denoted by the symbol B. If cr <C 1 represents the size of the spectral interval Ja 
under consideration and its distance to the bottom of the spectrum of the Hamiltonian 
(see (II. 9p for the definition of Ha), then the Mourre inequality is of the form 



(1.3) 
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for some positive constant cq. Assuming in addition uniform bounds with respect to a on 
the iterated commutators ad'^{xa{Ha)) (such bounds are proven in Appendix IB] below) . this 
Mourre inequahty yields the local decay property 

\\{B)-'e-''''-xAHa){Br'\\ < {at)-\ (1.4) 

for any Xa G CI§°(Jct). Similarly, one obtains bounds on weighted powers of the resolvent of 
the form 



sup 

Re Jo-, Im Zy^O 



(1.5) 



This non-uniformity with respect to a is, in fact, a typical problem one encounters when 
analyzing spectral and dynamical properties of a self-adjoint operator near thresholds. 

Now, it is not difficult to verify that the weights {B)~^ in (jl.4p can be replaced by {X)~^ , 
where X is the second quantization of the norm of the photon "position" operator (see ()1.16p ). 
The local decay property ()1.4p then becomes a statement on the photon dynamics that can 
be interpreted as follows: Assume that the system is prepared in an initial state $ that is 
in the domain of (X)* and with spectral support in Jq- (where, recall, is an interval of 
size a located at a distance cr <C 1 from the bottom of the spectrum of Ha)- Then, for large 
time t ^ 0""^, the probability that the evolved state e~'*^"$ has remained in the domain of 
{X)^ is small (of order {at)~'^). In other words, during the scattering process, some photons 
disperse to spatial infinity. This is in agreement with the physical picture mentioned above. 

Our aim in this paper is the following: Since photons travel at the constant speed of light, 
it can be expected that resolvent smoothness and local decay hold uniformly in a. This is 
precisely what we intend to prove. 

Our starting point is |FGSlj . For technical reasons, we consider the Mourre estimate with 
a modified conjugate operator, B^, given as the generator of dilatations in Fock space with a 
cutoff in the photon momentum variable; Roughly speaking, B^ restricts the action of B to 
low-energy photons (see ()2.9p for the exact definition of B°'). As in (jl.3p . the Mourre estimate 
is of the form 'SLj^{Ha)[Ha,iB'^]'S\.j^{Ha) > coa'S\.j^{Ha)- This inequality is established in 
|FGSlj and is one of the main ingredients of the present paper. Next, we use methods similar 
to the ones of |BHH[BH2] . From (second quantized versions of) Hardy's inequality, we derive 
bounds of the type 

\\{Xr^xAHa){Bn''\\<cT'. (1.6) 
Thanks to a suitable low-energies dyadic decomposition, we then obtain uniform resolvent 
smoothness and local decay estimates, with weights expressed in terms of the second quanti- 
zation of the norm of the photon position operator, X. 

Our paper is organized as follows. Before stating our main results and comparing them 
with the literature in Subsection II. 2|, we begin with precisely defining the model we consider 
in Subsection 11.11 In Section [21 we recall results previously established in |JMPj , |HSSj and 
|FGSlj . and we state a uniform estimate on multiple commutators. The latter is proven in 
Appendix |Bl In Section [3l we derive Hardy-type estimate in Fock space as well as several 
other related inequalities. Our main theorems are proven in Section HI Finally, in Appendix 
El various technical lemmata are gathered. 

1.1. Definition of the model. We consider an atom interacting with the quantized electro- 
magnetic field in the standard model of non-relativistic QED. The nucleus is supposed to be 
infinitely heavy and fixed at the origin. Moreover, to simplify the presentation, we consider 
a hydrogen atom, and we suppose that the electron is spinless. The Hilbert space of the 
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total system is then the tensor product % := (g) J-", where T^ci is the Hilbert space for the 
electron given by T-Ld '■= L^(]R'^), and T is the symmetric Fock space over L^(M'^ x {1,2}), 
that is 

J^:=r(L2(R3 X {1,2})). (1.7) 
Here, for any Hilbert space f), r(f)) denotes the symmetric Fock space over t) defined by 

oo 

r(f)) :=C©0®^{), (1.8) 

n=l 

where (g" denotes the symmetric nth tensor product of f) . The Hamiltonian of the model acts 
on H and is given by 

H^:= {p + jA{ax))^ + Hf + V{x), (1.9) 

where a is the fine-structure constant (which will be treated as a small coupling parameter), x 
is the position of the electron, and p := — iV^. The units are chosen such that h = c = 1. The 
operator Hf = dT{uj) denotes the second quantization of the multiplication by uj{k) := \k\, 
that is 

Hf-=y, I \k\al{k)ax{k)dK (1.10) 

where a\{k) and ax{k) are the usual creation and annihilation operators which obey the 
canonical commutation relations 

[a*{k),a*{k')\=G, [ax{k),al,{k')]=5xx'5{k-k'). (1.11) 

Here a* stands for a or a* . For any x G M'^, A{x) is the vector potential of the quantized 
electromagnetic field in the Coulomb gauge given by 

A{x)=y^f '<!$ex{k){e"'--al{k)+e-"'--ax{k))dk. (1.12) 

In (I1.12p . the vectors £x{k), A = 1, 2, are normalized polarization vectors which are supposed 
to be orthogonal to each other and to k, and such that e\{k) = e\{k/\k\). For instance, they 
can be chosen as 

eiik) := ^"t'^'l^ e2ik):=^^Ae,{k). (1.13) 
Vk[+kl \k\ 

Moreover, k E C§°(M'^;]R) denotes some given ultraviolet cutoff function. As usual, for any 
/ G L2(]R3 X {1,2}), we set 

a*if):=y] I fik,X)al{k)dk, a(/) := V / /{k, X)axik)dk, (1.14) 

and $(/) = a*(/) + ct(/)- Hence, for any x £ R^, we have that 

A{x) = ^hix)) where h{x,k, X) := '^ex{k)e'''-'' . (1.15) 

\k\2 

The external potential V belongs to L^q^(M^) and is supposed to be A-bounded with relative 
bound 0. We assume in addition that ei := inf Spec(— A + y) is a simple isolated eigenvalue. 
We set 62 := inf(Spec(— A + F) \ {ei}) and egap := 62 — ei > 0. 
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1.2. Main results. Let := inf Spec(i?„). It follows from |BFS21 [ULL] that is an 
eigenvalue of Ha- Let Ha be the projection onto the eigenspace associated with Ea, and let 
:= 1 — Hq. Thus, in particular, Hq = vri (8) Hq, where tti denotes the projection onto 
the eigenspace of i^ci associated with ei, and LI^ is the orthogonal projection onto the Fock 
vacuum Q := (1,0, 0, . . . ). Likewise, Ho = vfi^l+vri (8)11^2, with vfi = 1 — vri and IIq = 1 — Hq. 
To simplify notations, let 

X:=dr(|iVfc|), (1.16) 

denote the second quantization of the norm of the photon position operator. Our main results 
are stated in Theorems 11.11 11.31 and 11.51 

Theorem 1.1 (Limiting absorption principle). There exists ac > such that, for all s > 1/2, 
there exists C<j > such that, for all < a < ac, 

sup \\{xy'{Ha - zy'Uaixy'W < c,. 

2:eC\IR, Rc z<Ea+eg^p/'i 

Remark 1.2. i) The fact that the assumption s > 1/2 is sufRcient for the limiting absorption 
principle to hold illustrates that the propagation velocity of photons does not depend on their 
momentum. 

a) Theorem implies that the spectrum of Ha in {Ea,Ea + egap/4) is purely absolutely 
continuous (see e.g. \R,S\ Theorem Xin.20]J, which was already proven in jFGSlj . 

The next result provides a further information on the regularity of the weighted resolvent. 

Theorem 1.3 (Resolvent smoothness). There exists ac > such that, for all 1/2 < s < 3/2 
and e > 0, there exists Cs,e > sucii that, for all < a < ac, 

\\{Xy^{{Ha - Z)~' - (Ha - z'r')Ua{Xy'\\ < Cs,e\z " zT'^-', 

uniformly for z,z' G C \ M with Re z, Re z' < Ea + egap/4 and Im z ■ Im z' > 0. 

Theorem 1 1 . 3 1 and a standard argument imply that the weighted resolvent has limits on the 
real axis. More precisely, letting Bi/H) denote the set of bounded operators vaT-L, we have 

Corollary 1.4. For all < a < Qc, s > 1/2 and X < Ea + egap/4, the limits 

{X)~%Ha - A ± iOy^UaiXy := lhji{X)-' {Ha - A ± ifir'^UaiX)-' 

exist in the norm topology of B{'H). Moreover, for 1/2 < s < 3/2 and e > 0, the maps 

(-00, Ea + egap/4] bX^ {Xy%Ha - A ± iO)-^n„(X)"^ G B{H) 

are Holder continuous of order s — 1/2 — e with respect to A. 

Eventually, we prove the following local decay property. 

Theorem 1.5 (Local decay). There exists ac > such that, for all x ^ Cq°((— oo,Eq + 
egap/4); M) and < s < 2, we have 

{Xr'e~''''-x{Ha){Xr' = e~'''^-x{Ea){Xr'Iia{Xr' + o{{tyn, 
for all t G M, uniformly with respect to < a < ac- 

In the previous statement, 0{{t)~'^) stands for an operator bounded by C(t)~* where C is 
uniform in t G M and < a < Qc. 
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Remark 1.6. i) By Fourier transform, Corollary \1.4\ implies the local decay property 

for 1/2 < s < 3/2 and e > 0, which is of course weaker than Theorem \1.5[ 

a) The restrictions s < 3/2 in Theorem \1.3\ and s < 2 in Theorem \1.5\ are due to the 
infrared singularity of the model. More precisely, if one replaces the electromagnetic vector 
potential in (I1.12p hy its infrared regularized version, 

for < /.i < 1, then one can verify that Theorem \1.3\ holds for any s < 3/2 + and Theorem 
\1.5\ for any s < 2 + fi (provided in addition that the weights {X)^^ are replaced by the bigger 
ones (dr((iVfc)))~''j. For > 1, the proofs we give do not yield better results than s < 5/2 
in Theorem I i . 31 and s < 3 in Theorem \1.5[ Here the restrictions are due to Hardy's inequality 
< C^llliVfclVll in L^{R^), which is valid provided that < s < 3/2. 
Hi) One could replace egap/4 by Cgap — S, with 6 > 0, in the statements of Theorems \l.l\ 
\1.3\ and \1.5[ Of course the critical value Uc would then depend on S. 

As mentioned in the introduction, our main achievement compared to [FGSl] hes into the 
fact that our results do not depend on the spectral interval / C {Ea,Ea + egap/4) on which 
resolvent smoothness and local decay are proven. Recently, several papers have been devoted 
to spectral analysis at low-energies for various quantum field theory models. We mention 
|FGS2j where, for the standard model of non-relativistic QED, an alternative proof of the 
limiting absorption principle is given, based on an application of the spectral renormalization 
group, [CFFSj where a dressed electron in non-relativistic QED is considered, and |ABFG] 
where a mathematical model of the weak interaction is studied. In all the previously cited pa- 
pers, however, the obtained estimates are not uniform with respect to the considered spectral 
interval. 

Let us also mention that another approach has been used in the literature to study spectral 
and dynamical properties of non-relativistic, massless quantum field theory models. Instead 
of the generator of dilatations, one can, in some cases, consider the generator of radial trans- 
lations, say B, as a conjugate operator (see e.g. \Ge\ IGGM] ). Since B is not self-adjoint and 
since the commutator of B with the considered Hamiltonian H cannot be controlled by any 
powers of the resolvent of H, serious technical difficulties appear to implement the Mourre 
method. Nevertheless, as shown by Georgescu, Gerard and M0ller, Mourre's theory can be 
extended to cover such a case. Within this approach, it may be possible to obtain a uniform 
Mourre estimate (at least for the Nelson model that is considered in |GGMj ) and, hence, 
uniform bounds on the resolvent and on local decay. Indeed, in some sense, if the generator 
of radial translation is chosen as the conjugate operator, the bottom of the spectrum is not 
a threshold anymore. Another significant advantage of the approach of |GGMj is that the 
obtained results hold for any value of the coupling constant; It is presently not known whether 
similar results can be proven using the generator of dilatations instead. On the other hand, 
the infrared singularity in the iterated commutators ad~(i7) is increased by a power \k\~^ 
(while the order of the singularity does not change when commuting with the generator of 
dilatations), which makes difficult to control these iterated commutators unless one imposes 
from the beginning some regularity assumption on the form factor Hamiltonian. 
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2. Preliminary results 

2.1. Abstract setting. Let T-L he a separable Hilbert space and let P, A be two self-adjoint 
operators on Ti. We recall that, if P is bounded, P is said to be in C^{A) if and only if the 
map 

s ^ e-''^Pe'''^<^, (2.1) 

is of class C"(R) for all <1> G This property is equivalent to the fact that, for 1 < k < n, 
the commutators ad^(P) defined as quadratic forms on D{A) x D{A) extend by continuity 
to bounded quadratic forms on Ti x T-L. If P is unbounded, P is said to be in C"(j4) if and 
only if (P — z)~^ is in C"(A) for some (and hence for all) z in the resolvent set of P. 

We recall that if P is in C^(^), then D{P) n D{A) is a core for P and the quadratic 
form [P, A] defined on (P'(P) nD{A)) x (-D(P) nD{A)) extends by continuity to a bounded 
quadratic form on D{P) x D{P) (denoted by the same symbol). Moreover, if P is in C^(^), 
then (P — z)~^ preserves D{A) for all z in the resolvent set of P. We also recall that if P is 
in C''(^), then for all if £ C^{R;R), ip{P) is in C"(y4). 

An operator P in C^(^) is said to satisfy a Mourre estimate with respect to A on a bounded 
open interval I C Spec(P) if there exists a positive constant cq such that 

]l/(P)[P,iA]l,(P) >coll/(P), (2.2) 

in the sense of quadratic forms onH. x T-L. 

We now state a standard result on the power of the resolvent [JMP] . 

Theorem 2.1 (Jensen, Mourre, Perry). For n G NU{0}, let P, A be two self-adjoint operators 
such that P G C"+^(A), that the commutators ad^^ P are bounded for 1 < j < n + 1 and 
that the Mourre estimate (j2.2p holds with cq > and I C Spec(P) an open interval. Then, 
for all J I and e > 0, there exists a positive constant Cj^s such that 

sup ||(A)-"+i-^(P- A)-'^(^) -'"+5-^11 < Cj,e. (2.3) 

RezGJ 

The following abstract result is taken from |HSSj . 

Theorem 2.2 (Hunziker, Sigal, Soffer). Let s > and s = min{n G N; n > s + 1}. Let P,A 
be two self-adjoint operators such that P is hounded, P G C^(^), and the Mourre estimate 
(|2.2p holds with cq > and I C Spec(P) an open interval. Then, for all x S C(f (/), there 
exists a positive constant C-^^^^s such that 

\\{A)-^e-^^'^x{P){Ar'\\<C^,s{t)~'- (2.4) 
Moreover, from the proofs of these results, the constants Cj^e and C^^-^s appearing in ()2.3p 
and ()2.4p only depend on the constant cq and on ||adj^P||. In other words, if P and A 
depend on a parameter in a such way that the Mourre estimate and the upper bounds on the 
commutators are uniform with respect to this parameter, then the constants Cj^e and C^^^ in 
the conclusion of Theorem 12. II and Theorem 12.21 do not depend on the parameter. 

2.2. Infrared decomposition. In this subsection, we introduce notations related to the 
infrared decomposition which will be an important tool in our proof of Theorem 1 1.1^ Theorem 
11.31 and Theorem 11.51 

For any a > 0, let T-'^ and T>a- denote the Fock spaces over L'^{{{k, X),\k\ < a}) and 
L^({(A;, A), \k\ > a}) respectively. The Hilbert spaces T and J>o- ^ T-'^ are isomorphic and 
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we shall not distinguish between the two of them. Moreover we set ■H>^ := L2(M3) ^ jr^^. 
The infrared cutoff Hamiltonian acts on T-L and is defined by 

Ha,a ■■= {p + JA>,{ax))^ + Hf + V{x), (2.5) 

where 

A>^{x) := ^{h>^{x)), h>^{x, k, A) := lik\>aik)h{x, k, A). (2.6) 

Using Lemma I A . 1 1 and the Kato-Rellich theorem, it is not difficult to verify that for all cr > 
and a small enough, H^^^ is self-adjoint with domain D{Ha^„) = D{Hq). The restriction of 
Ha,a to 'H>a is denoted by Ka^>a, so that we can decompose 

Ha,a = Ka,>a^Ti-T<-+'^n>^^Hf. (2.7) 

Let Ea,a ■= inf Spec(i7a,^) = inf Spec{Ka^> „) and let Ila,>a ■= i{Ea,„}iKa,>a)- We recah 
the following proposition from |BFP1 IFGSlj : 

Proposition 2.3. There exists ac > such that, for aU < a < ac and < u < egap/2, 

Spec(iS:„,>^) n {Ea,a, Ea,cT + a) = 0. 

Let us mention that, in |BFP] . Proposition 12.31 is proven for some sequence (T„ — t- 0, while 
in |FGSlj . the result is established with a smooth infrared cutoff. However, slightly modifying 
the proof of |BFPj . it is not difficult to obtain the gap property as stated in Proposition 12.31 

For any ip £ Cq°((0, 1)), we set ^ai') ■= ^{•/(^)- Observe that by Proposition 12.31 for any 
(f e C§°((0, 1); M) and < (7 < egap/2, we have 

^a{Ha,a - Ea,,a) = ^a,>a ® ^a{Hf). (2.8) 

Let r]^{k) := r]{k/a) with rj G Cg°(]R2; [0, 1]) such that r]{k) = 1 if |/c| < 1/2 and r]{k) = if 
\k\ > 1. The generator of dilatations in Fock space with a cutoff in the momentum variable 
is denoted by B'^ and is defined by 

S'^ :=dr(6'^), b'' :=^r]^{k){k-Vk+Vk-k)rj^{k). (2.9) 

Finally we set 

A^^ix) := ^h^^ix)), h^^ix, k, A) := l\k\<^{k)h{x, k, A). (2.10) 
We recall the following commutation properties which will be used in the sequel: 

[A{x),W] = [A^'^ix), = -$(i6'^/i^'"(x)), (2.11) 
[Hf,iB'^] = dr{r^^{kf\k\), (2.12) 
in the sense of quadratic forms on D{Hq) D D{B"). 

2.3. The Mourre inequality and multiple commutators estimates. In this section, 
we recall the Mourre estimate obtained in jFGSlj with B" as a conjugate operator. We also 
state uniform estimates on the commutators of B^ with functions of Ha- For the convenience 
of the reader, the proof of these multiple commutators estimates are deferred to Appendix iBl 
Applying the abstract results from Subsection 12. 11 we then deduce resolvent smoothness and 
local decay estimates for H^, with weights expressed in terms of B^ . Notice that, here, the 
obtained estimates are not uniform in a. 

The next Mourre estimate follows from Proposition 6, Proposition 7, Lemma 17 of |FGS1] 
and their proof. 



Theorem 2.4 (Prohlich, Griesemer, Sigal). Let I d (0, 1) be an open interval. There exist 
Oc > and cq > such that, for all < a < Oc and < a < egap/2, 

The following lemma is proven in Appendix [B] below. 

Lemma 2.5. There exists ac > such that, for aU n £ N U {0} and (p G C(f ((-oo, 1);M), 
there exists a positive constant Cn,Lp such that, for aJi < a < and < o" < egap/2, 

II adJ^<T((^(j(-f^o — -E'q))|| < Cn,ip- 
Combining these results with Theorem 12.11 we get the following proposition. 

Proposition 2.6. Let I (s (0, 1) he a open interval. There exists Qc > such that, for all 
71 E N and e > 0, there exists Cn,£ > such that, for all < a < Oc and < a < egap/2, 

sup ||(S'^)-"+5-^(//„ - < 

z£C\R,Rez&Eci+<jI '^^ 

Proof. Let J be an open interval such that I (s J (s (0, 1) and let -0 € C°°(M; [0, +oo)) be a 
non-decreasing function such that 

' near ( — oo, 0], 

^[x) = I X near J, 

Const, near [1, +cxd). 
In particular, ^/^ is a bijection from J onto itself. We define 

Poi,a '■= i^a{Ha — Ea). 

From the properties of ^, Theorem 12.41 vields 

> Cot^j{Ha - Ea) = Cotj{Pa,a), (2.13) 

uniformly for < a < egap/2 and < a < ac- 

On the other hand, since — E^ > 0, we can write 

Pa,a = IpaiHa - E^) = CoUSt. + i)a{Ha - E^) , 

for some ^ G C§°((— oo, 1)). Then, Lemma 12.51 implies that, for all j € NU {0}, there exists 
a positive constant Cj such that 

\\adij^4Pa,a)\\<Cj, (2.14) 

uniformly for < a < egap/2 and < a < Oc. 

Therefore, combining the uniform Mourre estimate (I2.13P and the uniform upper bounds 
(|2.14p with Theorem 12. II and the remark below Theorem 12.21 we get 

sup \\{B^)~''+-^-'iPa,a - U;)-"(B-)-"+i-^|| < Cn,e, 

ioGCVM, RcuiG-f 



and then 



sup 



(i?-)-"+i--((aP„^, + Ea) - z)-"(i?'^)-"+^^|| < 



2eC\M, Reze-Bc+o-/ c 
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uniformly for < a < egap/2 and < a < ac- Now the proposition follows from 
sup + - z)^" - (Ha - ^)-"|| < %, 

z£C\R,Rez£Ea+(Tl ^ 

which is a consequence of the spectral theorem and the choice of ip. □ 

Likewise, the next proposition follows from Theorem 12.21 Theorem 12.41 and Lemma 12.51 

Proposition 2.7. Let 93 G Co°((0, There exists Oc > such that, for all s > 0, there 
exits Cs,(p > such that, for all < a < Oc, < a < egap/2 and t G M, 

{tay 

Proof. We use the notations of the proof of Proposition 12.61 with / such that supp((/9) C /. 
From the properties of ip, we have 

for all <1> € On the other hand, combining the uniform Mourre estimate (I2.13p . the uniform 
upper bounds (j2.14p with Theorem 12.21 and the remark after it, we get 

uniformly for <I> € D{{B")'^), < cr < egap/2, < q < Qc and r G M. The proposition follows 
from the last two equations. □ 

3. Hardy type estimates in Fock space 
3.1. Hardy estimates. The classical Hardy estimate in states that 

/ M^|!dx<4 / |V,(/.(x)|2dx, (3.1) 

for any e C[f (R^). Since Cg°(M3) is a core for |iV^.| = y/^A^, this implies that I^diV^;!) C 
D{\x\-^) and that for aU tp £ D{\iVx\), \\\ x\ ^vll — 2|||iVx|v'||- III this subsection we transfer 
this inequality to Fock space by means of the following lemma. We do not present its proof; 
(it is essentially the same as the ones of |Gel Lemma A. 2] and |GGMl Proposition 3.4]). 



Lemma 3.1. Let n E N. Let a, b be two self-adjoint operators on L2(M3 X {1, 2}) with b>0, 
Dib^) C D(a") and ||a'^V|| < ||6"v9|| for all cp E D(6"). Then L>(dr(6)") C i:»(dr(a)") and 
||dr(a)"$|| < ||dr(6)"^>|| for all $ E Z)(dr(6)"). 



(3.2) 



For any vector space V C L^(M^ x {1,2}), we set 

rfin(V) :={«> = (<i>(0), . . . ) E T{L\R' X {1, 2})); 

Vn, ^>(") E V and 3no, Vn > no, ^>(") = 0}, 
and the number operator in is defined by 

yZ f al{k)ax{k)dk. (3.3) 

X 1 n JR^ 



A=l,2 • 
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Theorem 3.2 (Hardy estimate in Fock space). For all p > 0, the operator (dr(|iVfc|) + 
p)~^Af'^ defined on rfin(Cg°(M^) x {1,2}) extends by continuity to a bounded operator on 
-D(dr(|A;|)) and we have that 

||(dr(|iVfc|) + p)-iAA2cD|| <2||dr(|A:|)cI>||, 

for all $ G D{dT{\k\)). 

Proof. Let p > and $ G rfin(C[f(M2) x {1,2}). Hardy's inequality ([M]) together with 
Lemma O with n = 1 imphes that L'(dr(|iVfc|)) C D{dT{\k\-^)) and that 

||dr(|fcri)(dr(|iVfe|) + p)^i|| <2. 

Therefore 

\\{dT{\iVk\)+p)-'J^'^<{2+pp~')\\{dT{\kr')+p)-w^^, (3.4) 

for ah p > 0. An easy application of the Cauchy-Schwarz inequality shows that 

llAA^^II < ||dr(|A;r^)dr(|fc|)^'||, 
for ah ^' G rfin(C[f (M^) x {1,2}). This imphes that 

\\{dr{\k\-^) + p)-^M^m < ||dr(|A;|)$||, (3.5) 
for ah p > 0. Combining (j3.4p and (|3.5p . we obtain that 

||(dr(|iVfc|) + p)-W2ci>|| < i2 + pp-')\\d^i\k\)^, 

for all p>0. Letting and using the fact that rfin(C[f (M^) x {1, 2}) is a core for dr(|A;|) 
conclude the proof of the lemma. □ 

Remark 3.3. In particular, Theorem 13.21 implies the following resolvent estimate away from 
the real axis: for all K C\M, there exists Ck > such that 

||(X)-^(dr(|A:|) - z)-'{X)~^2^ < CK\\{Af)-^m, 
for aiJ $ G -F and z £ K, where X = dr(|iVfc|) from ([116]) . 
Lemma 3.4. There exists C > such that, for all a > 0, p > and G -F, 

\\{X + p)~\^^^^(g)Un)^ <Ca\\{^^^^(^Un)^. (3.6) 
Moreover, there exists C > such that, for all a > 0, t > 0, p > and ^ £ J-, 

II (X + prHt^^^ ® l(o,,](F;))cI>|| < CV||(a^,^ C5 l^o,r]{Hf))'^>\\. (3.7) 

Proof. Let {e^}^^ denote an orthonormal basis of J->a. Any state <I> in Ran(ljr^^ Cg) Hq) can 
be written as <1> = X^^^^ Cj ^ where for all i G N, G Ranlln. For n G N, we have 

oo n— 1 

ci>(")(fci,...,fc„) = -^^ ^ e;^')(fc,(i),...,/c,(,))$f-^')(A;,(,.+i),...,A;,(„)), (3.8) 



n! 

i=l j=0 TeE„ 

and 

n—l oo 



\\^^''t = EE\\^t't- (3-9) 

j=0 i=l 

Thus, using the fact that, for all j G {1, . . . , re — 1}, 

II (liVfc, ! + ••• + |iVfc„ \+py' (|iv,^^^.^^, ! + ••• + |iVfc^^„, I + p) II < 1, 
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we can write 



{{X + p)~'^y''\h,...,kn)\\ 
n—1 oo 

^ ;;t E E II E . . , Ku)){ix + p)-^<i>.)^"-^'^(fc.a+i), • • • , Kin)) 



j=0 tGE„ 1=1 
n— 1 oo 



n— i oo 1 

Y: ( E ||e?)(fci, . . . , + pr'^,Y-^\k,^^, k^)f) ^ 

j=0 i=l 

n—l oo 1 

= E ( E + Py''^^) ^""'^(^+1' • • • , ^n)||') (3.10) 

j=0 i=l 

Applying Theorem 13.21 and using that < (n- j>||$S" ^'^11, this yields 

n— 1 ^ oo 1 

n—l oo 



-i)l|2\2 



-i)l|2\2 



i=o i=l 

Applying then the Cauchy-Schwarz inequality, we obtain that 

n—l ^ 1 n—l oo 

II ((X + rt-*)<"«|| < 2.( ^ ^) ' ( 2 2 11*1"- 

j=0 ^ •' ' .7=0 j=l 

<2y?a||$W||, (3.11) 

and hence (j3.6p is proven. In order to prove (j3.7p . it suffices to proceed in the same way, 
using instead that, if ^> G Ran(l.^>^ ® ll(o,^](iJ/)), then || (F/-$i)("-j) || < t||$5""^'^||. □ 

Corollary 3.5. There exists Oc > such that, for all ip G Cg°((0, 1);M), there exists > 
such that, for all < a < ac and < a < egap/2, 

Proof. It suffices to use (j2.8p and next to apply Lemma |3.4[ □ 

Corollary 3.6. There exists Oc > such that, for all <p G Cq°((0, 1);K), there exists > 
such that, for all < a < ac and < a < egap/2, 

||(X)-V<x(^a-^a)|| <C^a. (3.12) 
Proof. It suffices to decompose ipa{Ha — Ea) = (pa{Ha^a — Ea^a) + {^a{Ha — Ea) — ^a{Ha,a — 

Ecta))- Estimate (|3.12p is then a consequence of Corollarv 13.51 together with Proposition 

roi □ 

3.2. Relative bounds on the conjugate operator. The next lemma is an easy conse- 
quence of Lemma 13.11 
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Lemma 3.7. There exists C > such that, for aU a > 0, D{X) C D{B'^) and 

< Cct||^>||, 

for all <^ G J". 
Proof. Observe that 

= + iri^{k)k ■ {VkVa){k) + \{va{k)fk ■ V^. (3.13) 

Hardy's inequality ([3TT]) implies that, for all ip £ C[f (M^), 

||(?7cr(A;))^y?|| < 2cr|||iVfc|(^||, 

and likewise 

||r?ff(A;)fc • {VkVa)ik)<f\\ < Co-|| |iVfc|(/5|| . 
Moreover, we obviously have that 

\\{r]„{k))'^k ■ VfcV?!! < fT|||iVfc|v3||. 

Since Cg°(M'^) is a core for |iVfc|, (j3.13p and the previous estimates imply that D(|iVfc|) C 
Dib") and that, for all v? G D{\iVk\), 

< Ccj|||iVfc|(/:)||. (3.14) 

Applying Lemma l3 . 1 1 with a = b"^ and b = Ccr|iVfc| concludes the proof of the lemma. □ 

Corollary 3.8. There exists Uc > such that, for all ip G C§°((0, 1);M), there exists 0;^ > 
such that, for all < a < and < a < egap/2, 

Proof. Using Lemma |B.7| we can write 

as an identity on D{B'^). Note that, by and (fZT2]) . we have 

adlB4^^{Ha,a - Ea,a)) = Ila,>a ® (dr((r/, (fc) )2 | A:| ) ((^^ )'(///)) , 

and hence, since {Lpa-)'{Hf) = Yi^{ipa-)' {H f), we can write 

Then, Lemma 13.41 and Lemma IB . 71 implv 

\\{X)"^ ad\B„{^,{H^^, - ^„,,))|| < C^(j. 

Moreover according to Lemma |3.7^ 

||(X)-1SV,(/?„,,-^,,,)|| <Ca, 

and hence the proof is complete. □ 

Corollary 3.9. There exists Qc > such that, for all ip G C[f((0, 1);R) and (5 > 0, there 
exists C^^5 > such that, for all ^ < a < and < o" < egap/2, 



14 J.-F. BONY AND J. FAUPIN 

Proof. As in the proof of Corollary 13.61 we decompose 

The first term in the right hand side is estimated thanks to Corollary 13.81 As for the second 
term, it suffices to write (as an identity on D[B'')) 

= (X)-lB-((p,(i7„ - E^) - ifaiHa,^ - E^^^)) 

+ [(^.(F, - E^) - ipa{H^,a - ^a,<x)) , B'^] , 

and next to use Lemma 13.71 Proposition IA.6I and Proposition IB. 81 □ 

3.3. Relative bounds on powers of the conjugate operator. We now estimate {B"Y 
relatively to {X)"^ . Since Hardy's inequality |||/c|~*(/3|| < C^H |iVfc|'*(^|| does not hold for s > 3/2, 
we cannot directly apply Lemma 13.11 Nevertheless, some aspects of the following proof are 
taken from the proof of Lemma 13.11 

Lemma 3.10. There exists C > such that, for all < a < egap/2, D{X'^) C D{{B''Y) and 

\\{B''f{X)-'^^\ < C(t||$||, 

for all $ G J". 

Proof. First, we will collect some estimates on powers of . Since b" is self-adjoint, an 
interpolation argument and (|3.14p imply that there exists C > such that 

|||iVA,.r^6''|iVfcr5|| < Ccr, (3.15) 

|||iVfcri(6-)2|iVferi|| < Ca\ (3.16) 

uniformly for all o" > 0. Here and in the rest of the proof, |iVfc|~^ is an abuse of notation. To 
be rigorous, one has to replace liVfel"-*^ by (|iVfc| + p)"-*^ with p > 0, say that the estimates 
are uniform with respect to p and, at the end, let p goes to 0. Since this presents no problem, 
and to avoid heaviness in the notations, we will omit these technical details and simply write 
|iVfc|-i. 

A direct computation shows that (6^^)^ is a linear combination of terms of the form 
rW := <,Sd.(d,/(^) + !{^)d,)d,, rP> := <^'A/(^)d„ 



where D# is a short-cut for — and / is a real valued C[^(M ) function which may change 



from line to line. Using Hardy's inequality (|3.1|) . we get 



|iVt|-3r(°)|iVi.|-^|| < C 



1 



/(-)|iVfei 2 



2 



'k\ ^'^ '|lVfe 

Since the operator r^^-* is similar to , we can proceed as in (|3.14|) to obtain 

Ik^^Vll < Ccr|||iVfc|99||, 



< Cct. (3.17) 
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for all G D(|iVfc|). Using that r^^^ is self- adjoint, an interpolation argument gives 

|||iVfcr^r«|iVfcr5|| < Qa. (3.18) 
On the other hand, since and |iVfc| commute, (j3.17p implies 

lliiVfcrir(2)|iVfcrt|| <(T2|||iVfcr5rW|iVfcr^llllAiiVferi|ll|L»,iiVfcri 

< Cell (3.19) 
Eventually, using (|3.18p . we obtain 

|||iVfc|-ir(3)|iVfcrt|| <f72|||iVfc|-irW|iVfc|-^||||A|iVferi||||L»£|iVfc|-^|| 

< CctI (3.20) 
The same way, (6'^)^ is a linear combination of terms of the form r^''), r^-^^ r(^\ r^^) and 

■.= a^DiD,f(^^)DeD^. 

The terms r*-''^ . . . have already been studied in (j3.17p - (|3.20p . but we will need other 
estimates to control (6°^)^. Using Hardy's inequality ()3.ip . we have 



iVfc|-VW|iVferH| < 2a /(-)|iVfc|-i ||A|iVfe|-M| < Cci^, 



|||iVfc|-V(2)|iVferi|| < CcT2||A|iVfcri||||l),|iV,ri|| < Ca^, 



(3.21) 

(3.22) 
(3.23) 



and 



lliiVferv(3)|iVfcr2|| < 2a3||AiiVferi||||L»,|iVferi| 

< Ca\ (3.24) 

IliiVfci-vwiiVfcr^ii < C(74||Aiiv,.riii^jiiVfcrii|i?fiiVfcri|lllAniiVfcri|| 

< Ca^. (3.25) 

We now estimate {B'')^<^ for $ G rfin(C[f(M^ x {1,2})). Assume that n € N. For i e 
{1, . . . , n}, let 6f denote the operator 6°" acting on the variable ki. We can write 



((B-)2ci>)(")(A;i,...,A;„)| 



n,«2,«3,«4e{i, ■■■,"} 

-4l,2 + ^3 + -^4, 



(3.26) 



where 



and 



A4 = {(ii, ^3; ^4); all the i#'s are equal}, 
^3 = {(^ii ^2, ^3; ^4); three of the i#'s are equal} \ A4, 
Ai,2 = {{k,i2,i3, u)} \ {A3 U Ai). 
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Note that for (11,12,^3^^) £ ^1,21 only 6^ and (^^)^ can appear in bf_^bf^b^^b^^ and not 
(6^)^ or (^J)^- Thus, using that the operators bf and |iVfcJ commute with the operators 6J 
and |iVfcJ for i ^ j, the estimates (|3.15p ~ (|3.16|) imply 

liVfcji • • • liVfc^J^cDW, liVfcjl . . . liVfe^J^cDW^ 
< Ca^ E l||iV.,J^|iV,,j5|iV,,ji|iVfc,j5$H||2 

<Ca^ E (|iVfcJ|iV,J|iV,,J|iV,,J$W, 

= Cc7^||(dr(|iVfc|)2$)("Y. (3.27) 

On the other hand, using that (6°')'^ is a linear combination of terms of the form r^^\ 
r^^) and r^^\ we can write 

i^j finite i^j finite 

where denoted the operator A*^ in the A:^- variables. As in ()3.27p . ()3.17p - (|3.18p yield 

|((rf +rf))6J$W,$W)| < |(|iVfcJ-^(rf + rW)|iVfcJ-i|iVfc^,rHj|iV,J-i 

liVfcJ 5 liVfcJ ^ $ W , liVfcJ ^ liVfcJ 5 > I 

<Ca2|||iVfcj5|iVfcJ^cDWf 

= Ca2(|iVfcJ|iVfeJci>W,ci>W). 
The same way, ([3T9]) - (15:20]) give 

+^f))6j$W,c|,W)| < |(|iVfcJ-i(rf +rf )|iVfeJ-i|iVfc^,|-^6J|iVfeJ-i 

liVfcJ i liVfcJ ^ , liVfcJ t liVfcJ ^ W > I 
<CcT4|||iV,.ji|iVfcji$(-)||' 
= CcT4(|iV,j3|iV,J^.("), 
Combining the previous estimates, we obtain 

l^sl < 0^2^ (|iVfcJ|iVfcJ«>W, + Ca4j;(|iVfcj3|iVfc^,|cI,H,<I,W) 

= Ca2||(dr(|iVfc|)cI>)(")||^ + Cal(dr(|iV,|)^$)("^||^ (3.28) 
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Eventually, we have 

i 

i finite i finite 

Using the estimates p.2ip - (j3.25p and proceeding as in the proof of (j3.28p . we get 
|^4| < Ca^ E (|iVfcj'$("\ $("^> + Ccj^E d^^'^^l'^^"^' ^^"^) 

i i 

< Ca' E (|iV.., I liV.^Jc^^'^), + Ca' E (|iV.,J|iV, J|iV,,^ | |iV,,J$("), 

= Ca2||(dr(|iV,|)$)("Y + Cai(dr(|iV,|)2$)(")||^ (3.29) 
Combining p.26p with the estimates (j3.27p . (j3.28p and (j3.29p . we eventually obtain 

||((i?'^)^$)^"i<ca^||(dr(|iv,|)$)(")f + Cai(dr(|iVfc|)2$)(")f 

<Cal((dr(|iV,|) + l)^$)(")||^ 

with C > uniform with respect to n G N and cr > 0. Since this estimate is trivial for n = 
and since rfin(CJf (M^ x {1, 2})) is a core for D{dT{\i\/ k\)^), the lemma follows. □ 

Corollary 3.11. There exists ac > such that, for all ip G C[f ((0, 1); M), there exists > 
such that, for all < a < Uc and < a < egap/2, 

Proof. By Lemma (jB.Tp . we can write as an identity on D{{B''f): 

+ (iS'^jVaC^a,. - (3.30) 

As in the proof of Corollary 13.81 we have that 

and hence it follows from Lemma 13.41 and Lemma IB. 71 that 

\\{Xy^ adfB4^AHa,a - E^,^))\\ < C^a. (3.31) 

On the other hand, using Lemma 13.71 and Lemma IB. 71 we obtain that 

WiXy^B'^adls^vAHa^a - ^a,<x))|| < C^^T- (3.32) 

Eventually, Lemma 13.101 gives 

||(X)-2(iB^)V.(^a,a - ^a,.)|| < C^a. (3.33) 

The lemma now follows from (ICTjl . (f332|) and (f333D . □ 

Corollary 3.12. There exists Oc > such that, for all 93 G C[f ((0, 1);M) and 5 > 0, there 
exists C^^5 > such that, for all Q < a < Uc and < u < egap/2, 

\\{Xy\„{H^ - E^){B''f\\ < c^V"^- 

Proof. The result can be proven exactly in the same way as CoroUarv 13.91 using Lemma l3.10| 
Corollary 13.11) Proposition IA.6I and Proposition IB. 81 □ 
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4. Proof of the main theorems 

4.1. Proof of the limiting absorption principle. We are now ready to prove Theorem 
11.11 We can assume that s £ (1/2, 1]. We define the set of dyadic numbers 

V := {2""; n G Z and 2~" < egap/2}. 

Consider e Cg°((0, 1);R) satisfying 

VxG (0,egap/3], J^v9,(x) = l, (4.1) 

and define Tp e C°°(M; M) by Tp{x) = for x < and 

Vx > 0, (^(x) = 1-Y1 '^-(^)- (4-2) 

In particular, supp(^) C [egap/3, +oo). Let ip G Cg°((0, 1);M) be such that (pip = ip. 

For Rez < + egap/4, the properties of the support of Tp and the spectral theorem give 

j:= Wixy^H^-zr^ti^ixy^W 
< X + \\{xy'{H^ - zy^ipiHc, - Ea){xy'\\ 

<^Ja + C (4.3) 



with C > and 



X := \\{Xr'{H^ - zy^ip^iH^ - E^){Xr'\\. 
Theorem 11.11 fohows from (j4.3p . the next lemma and the assumption s > 1/2. 

Lemma 4.1. There exists ac > such that, for all s £ (1/2,1] and 5 > 0, there exists 
Cs^s > such that, for all < a < Oc, Rez < Ea + egap/4, Imz / and a gV, 



Proof of Lemma \4^ Let M > 2 be a large enough constant such that supp((/9) C [2/M, M/2]. 
We define 

A:=Vn [Re{z - Ea)/M,MRe{z - Ea)]. 
In particular, A = when Rez < Ea- We distinguish between different cases. 

Assume first that a S V\A. For h in the support oi ip^{- — Ea), we have — zj"^ < Ca^^. 
Then, the spectral theorem gives 

\\{Ha - z)-'ip^{Ha - Ea)\\ < Ca-\ (4.4) 
for a £ D \ A. Corollary 13.61 (with an interpolation argument) and (14. 4p yield 

Ja < WiHa - z)~^^,{Ha " Ea)\\\\{X)~' ^,{Ha " Ea)f < C^J-V^^ = Ca'''-\ 

We now assume that cr G A, that is Rez G Ea + u[l/M,M]. From Proposition 12.61 for 
n = 1, Corollary 13.61 and Corollary 13.91 (with an interpolation argument), we get 

X < \\{X)-'^^,{Ha - Ea){B''Y\\\\{By~'^{Ha " z)-\By~'\\\\{By'^^^{Ha - Ea){X)'% 

which finishes the proof of the lemma. □ 
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4.2. Proof of the smoothness of the resolvent. We now show the Holder contmuity of 
the resolvent. Let z^z' G C \ M with Rez,Rez' < + egap/4 and Imz • Imz' > 0. We 
can assume that Rez,Rez' > — 1 and — 1 < ImZjImz' < 1. In the following, will denote 
either z ox z' . We have to estimate 

/C := - - (F„ - z')"')n«(X)-^||. (4.5) 

Using (|4.ip - (|4.2p and the spectral theorem, we obtain, as in (14. 3p . 

/C < /C, + - - zr\H^ - z'r^H^ - E^){X)-% 

<^IC^ + C\z- z'\, (4.6) 
with C > and 

/C, = \\{Xr'{{H^ - z)-^ - {H^ - z'y^)^^{H^ - E^){Xr'\\. 

Let M > 2 be a large enough constant such that supp((/?) C [2/M, Af/2]. As before, we 
define the set of dyadic numbers 

A* :=Vn [Re{z* - Ea)/M,MRe{z* - Ea)]. 

The /Co-'s satisfy 

Lemma 4.2. There exists ac > such that, for all s S (1/2,3/2) and e > 0, there exists 
Cs,e > such that, for all < a < ac and z, z' G C\R. with —1 < Re z, Re z' < Ea + egap/4, 
— 1 < Im z, Im z' < 1 and Im z ■ Im z' > 0, we have 



I C^a'^^'^^^-ii-^^lz - z'\'-^-^ for a £V\{AU A') 



^Cs,e\z- z'\'-^-' forcjGAuA', 

We first assume Lemma [4. 2 1 and finish the proof of Theorem ll.3l Using 1/2 < s < 3/2 and 
that the cardinals of A and A' are uniformly bounded with respect to z, z', (|4.6|) gives 

aev\{AuA') o-eAuA' 
< Yl Cs,s(7'^'''^'-^'^-'^\z - z'\'~-2^' + (#A + #A')C«,e|z - -^-^ + C\z - z'\ 

aeV\{AUA') 

<c.,.Jz-zr-^-^ 



which is the required Holder regularity of the resolvent from ()4.5 



Proof of Lemma \4.^ We distinguish between different cases. 

Assume first that o" G D \ (A U A'). On one hand. Corollary 13.61 and (14. 4p give 

ICa < (||(i/a - ^)"Va(^a " Ea)\\ + ||(//a " z')~^ip^{Ha " Ec,)\\) 

X ||(X)-Va(^a-Sa)||' 
< C((7~^ + (j-l)(j2mm{l,s) < (^^mm(l,2s-l) _ ^^^^^ 
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On the other hand, the resolvent identity yields 

lC„<\z- z'\\\{Xy'{H^ - zy\H^ - z'y^ip^iHa - E^){xr'\\ 

<\z- z'\\\{H^ - zr\H^ - z')-\„{H^ - E^)\\ \\{Xy'^^{H^ - E^)f 

< C\z - zV"V2>^''^(i'^) < Ca™'^(°'2s-2)|^ _ ^/|^ ^4_g) 

Thus, combining (14 .jp and (I4.8p . we get 

and the first estimate of Lemma 14.21 follows. 

We now assume that o" G A U A' and A n A' = 0. If o" € A, Proposition 12.61 with n = 1, 
Corollary 13. 6|, Corollary 13. 9| Corollary 13.121 and the proof of (j4.7p imply 

/C. < ||(X)-V<x(^a - E^){B^rf\\{B'')-'{H^ - z)-\B")~'\\ 
+ \\{H^ - z')~Va(i?a - Ea)\\\\{Xy'^^{H^ - E^)f 

for all 5 > 0. Furthermore, since A n A' = 0, we have a < C\z — z'\ and the last equation 
becomes 

ICa < C,,5a'"'"('^^'t-')+^-2'^|z - z'\'-^~' = Cs,ea'^'''^'-^''^-'^\z - z'\'-^-', 

with 6 = e/2. For a £ A', fC^ satisfies the same estimate if A n A' = 0. 

It remains to study a G A U A' under the condition A n A' / 0. We denote / := 
[1/M3,m3] c (0,+oo). For ct G a U A' with A n A' / 0, we have Rez,Rez' £ E^ + al. 
Proposition 12.61 with n = 2 then gives 

sup \\{B'')-^-%Ha - w)-^{B'')-l-^\\ < Cea-^. 

Im ui^O 

In particular, since Re z, Re z' G Ea + cri and Im z ■ Im z' > 0, the mean- value theorem implies 

\\{B^)-I-'{{H^ - z)-' - {Ha - z'r'){Bn-'^-'\\ < C,a-2|z - z'\. 



On the other hand, combining Corollary 13.61 Corollary 13.91 and Corollary 13.121 with an inter- 
polation argument, we get 



\\{X)-^-'xAHa - Ea){B^)-2+'\\ < C,X~'> 
for all X £ C§°((0, 1)) and 5 > 0. Then, the last two estimates yield 

\\{X)-l''{{Ha - z)-^ - {Ha - z')-^)ip^{Ha - Ea){X)-l~'\\ 

< \\{B'^yl-%{Ha - z)-' - {Ha - zT'){Bn-'^-'\\ 

X \\{X)-l-^^^{Ha- Ea){B^)l+^\\\\{X)-i-^ip^{Ha- Ea){B'^f2+^\ 
<Ce,5a-^^\z-z'\. 
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Moreover, from Lemma |4. II with s = l/2 + e, we have 

- z)-' - {H^ - z')-^)ip„{H^ - E^){X)~h-^\\ 
< \\{X)-"2-'{H^ - z)-^ipaiHa - E^){X)~^''\\ 

Then, an interpolation between the last two estimates implies, for e small enough, 

/C, < C,,,,5CJ^(3-2s+2e+5)-5(s+i)|^ _ ^>\s~\~e < - z'\'-\-\ 

for s G (1/2, 3/2) and 5 ^ e. This finishes the proof of the lemma. □ 

4.3. Proof of the local decay. We finally prove Theorem 11.51 Since the assertion is clear 
for s = 0, we can assume that < s < 2. Let <^ G C[f((0, 1); M) be as in ()4.ip . Then, 

VX G SUpp(x(- + ^a)), 1{0}(X) + ^a{x) = 1. (4.9) 

From Corollarv 13.61 Corollarv 13.91 and Corollary 13. 12| we have 

r C for s = 0, 

\\{X)-^ipAHa-E^){B^r\\<{ 

I C^cr tor s = 1, 2, 

for all (5 > 0. Therefore, an interpolation argument gives 

\\{Xr'^^{H^ - E^){B-r\\ < (4.10) 

for all s G [0,2]. Now, Remark IB. 61 implies that {B^)'^x{Ha){B")'~'"' is a uniformly bounded 
operator for all n G N U {0}. Therefore, an interpolation argument gives that, for all s > 0, 
there exists C^^,^ > such that 

\\{B"Yx{H^){B'^)-%<C,^^. (4.11) 

Thus, using (|4.10p and ()4.1ip . Proposition 12.71 gives 

||(X)-^e""^>,(i7, - EMHcd{X)~'\\ 

< \\{X)-'^^{H^ - E^){B^r\\\\{B^)-'e-''''-ip^iH^ - E^){B^r\\ 
X \\{B'^rxiHa){B''y'\\\\{BT^AHa-E^){Xy'\\ 

Eventually, ()4.9p implies 

\\{Xr'e~''''-xiHa){X)-' - {Xr'e~''^-x{Ea)n^{Xr'\\ 

< \\{X)-'e-''''-^^{H^ - EMHa){X)-'\\ 

< Cs,s,x{tr' Yl a-'"(2-.,«)-25 < c,,x(^)-^ (4.13) 

since min(2 — s,s) > for < s < 2. This finishes the proof of Theorem 11.51 
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Appendix A. Properties and technicalities 

In this appendix, we collect a few properties regarding the infrared decomposition and the 
infrared cutoff Hamiltonian which were used in Subsection 12. 2[ The notations are the ones of 
Subsection 12. 2i Moreover, for / : R-^ x {1, 2} i-^ C and a > 0, we define 

r{k,X) = fik,X)l^k\<Ak), (A.l) 

and, similarly, we set 

^f=Yl I \k\alik)axik)dk. (A.2) 

Observe that HJ = dr(|A;|). We begin with recalling the following standard lemma. 

Lemma A.l. Let f G L^{M.^ x {1, 2}) be such that {k, A) ^ \k\^^/^f{k, A) G L'^{R^ x {1, 2}). 
Then, for any a > and p > 0, the operators a{f''){HJ + p)-^/"^ and a*{D{HJ + p)-^/^ 
extend to bounded operators on T satisfying 

\\a{r){Hj+pr-2\\ < \\\k\-"^r\\, 
\\a*{n{Hj + pr-2\\ < \\\k\~hf-\\+p~-2\\f-\\. 

Let in addition g G L^{M.^ x {1,2}) be such that {k,X) ^ \k\~^/'^g{k, X) G L'^{R^ x {1,2}). 
Then we have 

\\ainaign{H] + p)-^\ < |||A;|-^r|||||A;r^9'^||, 

\\a*{rHgniHj + pr'\\ < {\\\kr"^r\\ + p~h\n\)\\\krh''\\, 
\\a*{na%gniHj + pr^\ < {\\\k\--2r\\ + p~^\\r\\){\\^^^^^ 

The following lemma is proven in [FGSlj . 

Lemma A.2 ( [FGSll Lemma 22]). There exist Oc > and C > such that, for allO < a < ac 
and < (7 < egap/2, 

Using Lemma lA.ll and Lemma IA.21 we now establish the following lemma which will be 
useful in the sequel. 

Lemma A. 3. There exist Oc > and C > such that, for aUO < a < ac and < a < egap/2, 

\\{tn>^^Hf)^ < C\\{Hc, - ^„)$|| + Ca\m, 

for all <^> G D{Ho). 
Proof. Let 

Wa,a ■■= Ha - Ha,a = 2a^ A^'' (ax) ■ {p + A>^{ax)) +a^{A^''{ax)f. (A.3) 
Since Ha^a = Ka,>a ® lj:-<CT + €5 Hf, we have 

\\{ln^^ Hf)^ < \\{Ha,a - Ea,.)n < \\{Ha " ^a)^|| + WWa,^^ + CJ'^^ (A.4) 

where we used Lemma I A. 2 1 in the last inequality. It follows from Lemma I A . 1 1 that 

\\{A^''{ax))\ln>^(i^Hf + ay^\\<Ca. 
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Moreover, since \\ip + A>a{ax))'i>\\ < C|| A'o,>cr'I'|| + C||^|| for all G D{Ko^>a), we have 

1 

'2 



11^^'^ (qx) • {p + a2A>^{ax)) ®Hf + a) ^ ((Ko,>a - ei + 1) ®t^<o 

< II A^'^(ax) {1h>, 0Hf + ay^\ \\ {p + at A>^(ax)) ((i^o,><x - ei + 1) a^<0~^ || 

< Co-i (A.5) 
Combining the preceding two estimates with ()A.3p . we obtain 

\\Wa,a{'Si-H>^ «> Hf + a(J^o,><x - ei + 1) ® 1^<.)"^|| < Cat. (A.6) 

Since ||(i^o,>a - ei + < C\\{Ha - Ea)^\\ + C||$||, we conclude from (TO]) that 

||VF«,^«>|| < Ca^a\\{Ha - Ea)^\\ + Ca^a\\<^\\ + Ca^\{lH>^ Hf)<^\\, (A.7) 

For a small enough, ()A.4p and ()A.7p imply the statement of the lemma. □ 

The next lemma is established in |FGSlj . It is based on the fact that states with spectral 
support below the ionization thresholds decay exponentially in the electron position variable 
(see [BFS2| [(??])■ 

Lemma A. 4 ( |FGSH Lemma 17]). For all A < 62, there exists ax > such that, for all 
0<a<ax and n E N U {0}, 

SUp||(xra(„oo,A](^a,a)|| <C, 

CT>0 

where C is a positive constant independent of a. 

We now give the following result that will be useful in the next appendix. 

Lemma A.5. For all n G NU{0}, there exists C„ > such that, for all a > 0, < a < egap/2, 
T > and z e C, < ±lmz < I, the operator {ax)~"'{Ha,T — z)~^{ax)"' defined on D{{x)'^) 
extends by continuity to a bounded operator on H satisfying 

\\{ax)-^{H^,r - zrH^xrW < Cn(pr^)"rr^. (A.8) 
" " \|lmz|/ |lmz| 

Moreover, {ax)~'^{Ha,T — z)~^ {ax)''^{Ha,T — z) defined on D[Hq) extends by continuity to a 
bounded operator on % satisfying 

I |(ax) -"(//„,, - z)-i(ax)"(i7„,, - z)|| < C„(-^\". (A.9) 
" " \|lm2;|/ 

Proof. We proceed by induction. For n = 0, (jA.SP follows from the spectral theorem and 
()A.9P is obvious. Now suppose that ()A.8p - ()A.9P hold for any A; G N U {0}, k < n, where 
n G N U {0}. For any e > 0, we can write 



1 (cr2;)"+i _ 1 



-1 



1 



T(Ha,r - zr' H^,r, , {Ha,r " z)-\ (A.IO) 



n+1 
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in the sense of quadratic forms on ?^ x 7^ . We compute 

1 „ „ ax 



2i(n + l)a{axr ^ ,uMi^2 ' (P + «^^>r(a^)) 



2, + (n + l)(n + 3)aV 2(n + l)W 



,(l + e(f7x)"+l)2 (cJx)2(l + e(,Tx)"+l)2 ((TX)2(1 + £((TX)"+1)3 

and 

Ha T ) 



(fjx)'""' " 1 „. , — s , , ^ / 3 , , ,x era; 



/ V ,1 — — 2i(n + 1)(t((Tx)"(» + a2 A> (ax)) • - — , ^ 



2^2^2 o/'^ I iA2^2^2 



2/ vn-i/ (n + 1) 3(n + I)2a2;r2 2{n + iya^x 



(l + e(ax)"+i)2 (cjx)2(l + e(ax)"+i)2 (ctx)2(1 + e(ax)"+i)3 

in the sense of quadratic forms on D{Hq) x D{Hq). Combining the induction hypothesis with 
the fact that 

3 C 
\UHa,r - {p + a2 A>riax))\\ < — r, 

next letting e — t- 0, it is seen that (lA.8p - (lA.9p hold with n + 1 substituted for n, which 
concludes the proof of the lemma. □ 

To conclude this section, we recall 

Proposition A. 6 ( |FGSH Proposition 7]). There exists Oc > such that, for all function 
if G C[f ((— oo, 1);M), there exists C,^ > such that, for all < a < ac and < a < egap/2, 

1 1 3 

Appendix B. Uniform multiple commutators estimates 

We begin with recalling the following lemma. 

Lemma B.l. f |FGSll Proposition 9]) For ahs^M. and cr > 0, e'"^" D{Hq) C D{Ho). 

For all s € M \ {0}, let B'^ := (e''*'^'^ — l)/s. The preceding lemma shows that the multiple 
commutators ad^^a{Ha) are well-defined on D{Hq) for all n G N U {0}. For s = 0, we set 
:= B"". Mimicking the proof of |FGSH Proposition 10], one can verify the following 
lemma. 

Lemma B.2. There exists ac > such that, for aiJ < a < oic, a > 0, n G N U {0} and 
^' G we Lave 

lim(x)-'^adrB.(i?a)(i^o + i)"'^ = (x)-"dr(7?^(A:)|fc|) (i?o + i)"'^ 



+ (-1)" (x)""($(^'i) + .$(j'i))(/fo + i)"^*. (B.l) 



0<ii,j2<n 
3i+32=n 



Here r]'^{k) = ri"{k/a) with !]"■ G CQ°({|fc| < 1}) and we have set 

$(0) :=p + ai$(/i(ax)) (B.2) 
$0) a^,^{i\byhiax)), j > 1. (B.3) 
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Moreover, 

sup \\{x)-^adfB4Ha){Ho + i)-^\ < Cn{a), (B.4) 
l^l<i 

where Cn(cr) is a positive constant depending on n and a, and for s = 0, 

ad^B-iH^) ■■= <i^{€ik)\k\) + (-1)" ^ (^^^i) • ^^^^^ + $(^2) • (B.5) 

o<ii j2<" 

as an operator in B{D{Hq); D{{x)"-)*). 

Remark B.3. Lemma IB. J I and Lemma IB. 21 show that, for all m G NU {0} and \s\ < 1, 

the operators SLd^^a{Ha){x)'^{HQ + are well-defined on D{{x)"^). Commuting (x)™ with 
adj^a(-f^a) i-o a way similar to what was done in the proof of Lemma \A.5\ it is not difficult to 

verify that for ai7 n,m G N U {0}, adp5^.(F«)(x)"'(i?o + extend by continuity 

to hounded operators on %. Moreover, as in Lemma \B.2[ we have that 

lim(x)-("+'") ad^B4H^){^r{Ho + i)"'^ = {x)-^dr{rj^{k)\k\) {Ho + 

+(-1)" (x)-("+"^)($(j'i)-$(^2) + $(j2).$(Ji))(x)™(//o + i)~^*, (B.6) 

ji+j2=n 

for all^ GTi, and 

sup \\{x)-^^+^Kdfs4Ho,){xy^{Ho + i)-'\\ < Cn,M. (B.7) 

\s\<l 

Similarly, commuting now with adfBa{Ho,), one verifies that for all n, jtt, G NU {0}, 

{Hq + i)~^(x)~^"'"'"'"^ adJ^CT (//q)(x)''" extend by continuity to bounded operators on % such 
that 

lim(/?o+i)"'(x)-("+"^) ad^B4Ha){xr^ = {Ho + i)-'{x)-''dT(ri:i{k)\k\)^ 

+ (_!)" (//o + i)~^(x)~^"+"'n^^'''^-^^^'^ + ^^^'^-^^^'0(a;)"^, (B.8) 

jl+j2=n 

for all^ and 

sup \\{Ho + i)-i(x)-("+-) ad[^.(i7j(x)™|| < Cn,M- (B.9) 
Nl<i 

Lemma B.4. There exists ac > sucL that for all < a < ac, o" > 0, n,m G N U {0}, 
0<\s\<landze C\R, the operators (x)-("+™) adrBj((i/a-z)"^)(x)™ deiined on L»((x)™) 
extend by continuity to bounded operators on %, and we have 

lim(x)~("+"^) adSj. {{H^ - z)-i)(x)'"^ 

= E c,„...,,„(x)-("+™)(/^, - z)-\xr+^ 

l<iivjn<n 
iiH hin=n 

n {x)-''-' ad('^.{Ha){x)''{x)-''{H^ - z)-\xy'^, (B.IO) 

l<l<n 
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for any £ H, where to = n + m, ti := n + m — ^^^iji for I > 1, and Cji_...jVi explicitly 
computable integers. Moreover, 

adrs. {{H^ - < ^f^Pn,m(| Imz|-i), (B.ll) 



where Cn,m{cr) is a positive constant depending on n, m and a, Pn,m is a polynomial with 
positive coefficients and degree n + m + Yll=i'^u and, for s = 0, (a;)"*^""^"^) ad^^^ ((-ffa — 
z)~^){x)^ is defined as the hounded operator appearing in the right hand side of (jB.lOp . 

Proof. Let us prove (IB.lOp . A straightforward computation gives 

adr^j ((i^a - ^)-^) = ^3.,-,UHa-z)-^ n (adf|j^4i/,)(i7,-z)-i), (B.12) 

jlH hjn=n 

for some explicitly computable integers Cj^^,,,^j^, where the right hand side is a well-defined 
bounded operator on % according to Lemma [B.ll Thus, (a;)"^""'""^^ adJ^<T((i?a — z)~^){x)'^ 
is equal to the right hand side of (jB.lOp with B'^ in place of B'^ , and it remains to justify 
the strong convergence. By Lemma IA.5I and Lemma IB. 21 for all 1 < Z < n, the operators 
(x)~*'-i adfka(i?o)(a;)*'(a;)~*'(-ffQ- — z)~^{xY^ strongly converge as s — )■ 0, and are uniformly 

s 

bounded on |s| < 1 by a constant of the form given in the right hand side of (IB.llh . It follows 
that 

s-hm J] (x)-*'-iadf],j(i/„)(x)*'(x)^*'(if„-z)-i(x)*' 

l<l<n 

l<l<n 

and that (jB.lip holds, which concludes the proof of the lemma. □ 

Lemma B.5. There exists Oc > such that, for all < a < ac, c > 0, n S N U {0} 
and ip G C[^((— cxd, + egap/2);M), the quadratic forms &d%a{^p{Ha)) defined iteratively 
on D{B'^) extend by continuity to bounded quadratic forms on Ti. The associated bounded 
operators on % are denoted by the same symbols. They satisfy 

Proof. We prove the lemma by induction. For n = 0, there is nothing to prove. Assume that 
the statement of the lemma is established with n — 1 substituted for n, where n G N. For any 
$, * G D{B'^), we have that 

{^,a<i^s4^{H^))^) :=(<!>, [ad^^:{cp{H^)),iB^]^) 

= lim (cl>, [adrB^;Mif„)),ii?j]^> 

= lim{^,adfs.{^{H^))^). (B.13) 

s—>-0 " 

Set ipQ := If and consider ipi, ... ,ipn G C[f ((— oo,£'a + egap/2);M) such that ipupi+i = ipi for 
any Q <l <n. Leibniz' rule gives 

adrB.M/^a))= Cjo,...,.n n ^dfjj.(<^K^a)), (B.14) 

ioH Vjn=n 
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for some explicitly computable integers Cj^^,,,j„. For each term no<Kn ^^iB<^('^'(-f^a)) ^P" 
pearing in the sum, there is at least one Iq £ {0, . . . ,n} such that ji^ = 0. Given this Iq, we 
write 

0<l<n 0<l<lo-l 

{{xro^l^(H^){a:f'o) J] ((x)--i ^d(^^^{^i{H^)){xf'), (B.15) 

lo + l<l<n 

where sq = 0, s; = Yli=oji^ — Si^io+i-^*' ~ ^' -^'^o™ Lemma \KA\ the operator 

{x)^'-oipi^{Ha){x)'^'-o is bounded. Let G C[f (C) denote an almost analytic extension of (pi 

satisfying \dz(pi{z)\ < C^^|y|™ where m G N is fixed sufficiently large, and where z = x + iy 
and dz = dx + idy. Then by Lemma IB. 41 we can write 

s-lim {{xy^ adl\,4^i{H^)){xr'^+^) 

= -- I 92^z(z) s-lim UxY^ adf' {{Ha - z)-^)(xy+A dxdy, (B.16) 

where the strong convergence holds on %. Moreover using ()B.lf |) and the properties of (pi^ 
we obtain 

sup \\{xY^ adf|j4v'K^a))(a^)^''+i < oo, 

0<|sl<l 

for any < / < /q ~ 1- The same holds for {x)""^-'^ ad-!^'^ a{'Pi{H a)) {x)^' in the case where 

Iq + 1 < I < n. It follows that no<Kn ^^iB<^(V''(-f^a)) strongly converges as s — )• and is 
uniformly bounded on |s| < 1. Together with (1B.13|) . this shows that 

\{^,adfj,4^{Ha))^)\ < Cll^'llll^'ll, (B.17) 

and that adj^a (v?(-ffa)) = s-lims_^o ^'^i'B'^{v{Ha))- Hence the statement of the lemma for n is 
established, which concludes the proof. □ 

Lemma EH shows that for all ip e C[f ((-oo, egap/2); M), ip{Ha) G C°°{B''). We are now 
ready to prove the uniform bounds with respect to a on the commutators ad^^a{(Pa{Ha — E^)) 
given in Lemma 12.51 

Proof of Lemma \2. 5\ We start as in the proof of Lemma [B.5I (see ()B.14p . (jB.lSp and (|B.16p ). 
considering ipf^{Ha — Ea) = ip{a~^ {Ha — Ea)) instead of ip{Ha), and introducing (ax) instead 
of (x) everywhere. Whence the statement of the lemma will follow provided we estimate 
terms of the form 

/ dzip{z){(7x)'^ ad^^, {a-\Ha- Ea)- z)-^){ax)-''''+"'^dxdy, (B.18) 

JR2 
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uniformly in a, for arbitrary n,m G NU {0}. By Lemma lB.41 {ax)"^ ad^^a{a~^{Ha — Ea) — 
z)~^)((Tx)~(""^™'' decomposes into a sum of terms of the form 

J] adi'j,.{a''H^){axy''{a~\H^ - E^) - z)"' 

l<l<n 

{a-\H^ - E^) - z){axY'{a-\Ha - E^) - 

- Ea) - z)"^ (ax) (B.19) 

with 1 < j/ < n, X^JLi J/ = ^0 = ?™ fiiid ti = m + Yl\=iji- F^^om Lemma lA.S^ it follows 

\\{a~\H^ - E^) - z){ax)'^{a~\H^ - Ea) - zy\axy''\\ < pr^^, (B.20) 
MX I ini zp' 

||(axr™(a-^(F.-£;.)-.)-^ax)-("+™)|| < (B.21) 

It remains to estimate ||(cjx)*'"1 adj^„ (cJ~^ffQ,)(crx)~*' (o"~^(ffa — Ea) — To this end, 

we compute 

(ax)*'-! adf|j4cj-ii?„)(cjx)-*' = a-i(ax)"^''dr(??^'(A;)|A;|) 

+ {-iy'a~\axy^' . + $(P2) . ^(Pi)) 

0<Pl,P2<i! 
Pl+P2=j! 

+ 2i{-iy'+hi{ax)~3'~^^ ■ (B.22) 

{ax) 

where, recah that r/^'(A;) = r]^'{k/a) with t?^' G C[f({|A;| < 1}) and that the ^^^'^'s are defined 
in ()B.2p - ()B.3p . For the first term in the right hand side of ()B.22p . we use Lemma I A. 31 which 
implies 

\\a~^AY{r]^{k)\k\) {a~\Ha - E^) - 

< \\a~\ln>„ C5 Hf){a~\Ha - E^) - 

< C\\a'\H^ - E^){a-\H^ - E^) - z)"'|| + C\\{a-\Ha - E^) - z)"']] 

<C + pr^. (B.23) 
I Im z\ 

Next, using again Lemma lA.H one verifies that 

||(c7x)-^'$(Pi) • ^^^\t-H>^(^ Hf + (Ty^\\ < Ca, (B.24) 
for any 1 < pi,P2 < ji such that pi + P2 = ji , that 

\\{ax)-^'^^^'\ln>^ ® Hf + ay^\ <Cai (B.25) 

and that 

\\{axy^'<^^^'^ ■ ®Hf + a)~^{H^-Ea + lY^\\ 

< \\{ax)-^'<^'^^'\tn>^ ®Hf + a)-5 II II [p + aiA>„{ax)) {H^ -E^ + l)-^ || 

+ ||(cjx)^-''«>(-")atA^"(ax)(%>^ ®Hf + a)-^\\\\{t'n>^ ®Hf + a)^{H^ -E^ + 

< Ccr5, (B.26) 
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since ^^^^ = (p + A>ai,cxx)) + A-'^ (ax). Using Lemma \A.3\ it then follows from ()B.24p 
and (IRM]) that 

(ax)^^^ y (^>(fi)-$(P2) + $(P2).$(Pi)w^-im < (B.27) 

' ' Im z\ 



0<Pl,P2<jl 
Pl+P2=jl 



whereas (IB.25P implies that 

\\{ax)~^^~'^ ■ '^^^'\a-\H^ - E^) - z)-'\\ < (B.28) 
" {ax) " \imz\ 

Thus, combining (jB.22p with the estimates (|B.23p . ()B.27p and (|B.28p . we have shown 

\\{axf^-^ &A^^g^{a-^H^){ax)~'^{a~\H^- E^) - zY^W < 

" " limzl 

which, combined with ([BlOl) . (|B?20]) and (lR2T]l . leads to 



^ Im zlT".™ 

where 7n,m := Xl/Li + 2n + m + 1. With (jB.lSp . this concludes the proof of the lemma. □ 

Remark B.6. By similar (and simpler) arguments, one can also estimate the multiple 
commutators ad^^,T{ip{Ha)) uniformly in a. More precisely, for aJi n G N U {0} and if £ 
C§°((— oo,£'a + egap/2);R), tliere exists C„^^ > such that, for all < a < Oc and 
<a < egap/2, 

The next lemma could be proven in the same way as Lemma [2. 5 1 using Lemma [A.5l with r = 
a. The proof below is however much more simple, and simply follows from the commutation 
relation (fZT2]) . 

Lemma B.7. There exists Oc > such that, for aJi n G N U {0} and ip G C[f ((-oo, 1);M), 
there exists C„^^ > such that, for all < a < ac and < a < egap/2, 

Proof. A direct computation based on (|2.8p . (j2.12p and the Helffer-Sjostrand formula shows 
that the commutators adfQa{(pa{Ha^a — Ea,^)) (defined iteratively in the sense of quadratic 
forms on D{B^) x D{B^)) extend by continuity to bounded operators on %, and that 
ad[^<T (9?o-(-f^a,o- — Ea,a)) decomposes into a sum of terms of the form 

with j G N satisfying I < j < n, rif{k) = rj^{k/a) and ?]* G C[^({|A;| < 1}). Using that 
dT{'n*{k)\k\f <H}, one easily obtains the required estimate. □ 

We conclude with the following proposition which was used in Section [3j 

Proposition B.8. There exists Oc > such that, for all Lp G Co°((— oo, 1); M), n G N and 
5 > 0, there exists C^^n,5 > such that, for all < a < Uc and < a < egap/2, 



ad"^,^ [iPa{Ha - Ea) - ^a{Ha,a " -E'a,(7))|| < C<^,n,5(a2Cr 
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Proof. Let ^ e H he such that ||<^|| = 1 and let, for s G M, 
It follows from Lemma 12.51 Lemma lB.51 and Lemma IB. 81 that 



isB" 



and that H/'-"''' ||oo ^ C^^„ for all n G N. On the other hand, by Proposition IA.6[ we have 
, < C<^a^/^(7. The Kolmogorov inequality then implies that 



1/ 



I/I 



1/ 



Ml 



for all m > n. Taking m sufficiently large concludes the proof of the lemma. 



(B.29) 

□ 



Remark B.9. Using a suitable Pauli-Fierz transformation as in the proof of |FGSH Propo- 
sition 7] , one could presumably prove that 

1 1 3 

II ad"5<T {(pa{Ha - Ea) - iPa{Ha,a " Ea,a)) \\ < C^.n^^ d, 

for all n G NU{0} . For the purpose of the present paper, however, the statement of Proposition 
IB. 81 is sufficient. 
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